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∑
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∑
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0 ‖h.α‖ ≥ d ‖x‖ ≤ 1/2
x ‖h.α‖
[d, 2d[, [2d, 3d[, ..., [rd, (r + 1)d[,
r = [ 12d ] ‖h.α‖
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∞∑
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∞∑
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∞∑
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C ′0 ∫
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γ > 0 α ∈ T2 Aγ(α)
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∑
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|ϕˆ∆(h)|2|
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≤
∑
h∈Z2∗
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∑
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1
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(x, y)→ (x + α1, y + α2) Φ = (ϕ∆i)i=1,···,d
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1
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(α1,α2)
α1 f
T1 ε > 0 x
∑n−1
k=0 f(x+ kα1) = O(n
ε)
Φ(x, y) = (2.1[0, 12 [(x) − 1), 2.1[0, 12 [(y) − 1) Z2
Z2
(α1,α2)
T2 Z2
τΦ : (x, y, n)→ (x + α1, y + α2, n + Φ(x, y)).
(Φ, τ)
Φ
σ
α = (α1,α2) Φ
Z2
Φ
α (kn)
lim sup
n
‖SαknΦ‖2√
n
> 0.
Φ : T2 → R2
Φ(x) = Φ(x1, x2) = (ϕ(x1),ϕ(x2)), where ϕ := 1[0, 15 ] −
1
5
.
T2 x → x + α α = (α1,α2)
(x1, x2) T2
|
N−1∑
k=0
ϕ(x1 + kα1)|+ |
N−1∑
k=0
ϕ(x2 + kα2)| N→+∞−→ +∞.
Φ
Φ = (ϕ1,ϕ2) = (1R1 −
1
5
, 1R2 −
1
5
),
R1 = [0, 15 ]× [0, 1] R2 = [0, 1]× [0, 15 ]
α = (α1,α2) R2 Zα+Z2 R2
(x1, x2) ∈ T2 |Sα1N ϕ1(x1)| |Sα2N ϕ2(x2)| N
(k(n))n≥1 k(1) = 1
k(n + 1) ≥ 10× ln 3
ln 2
× k(n), ∀n ≥ 1.
α
α = (
∞∑
n=1
3−k(2n+1),
∞∑
n=1
2−k(2n)).
pn = 2 n pn = 3 n (βn)n≥0
α
βn := (
∑
m<n
2
3−k(2m+1),
∑
m≤n
2
2−k(2m)).
n ≥ 1 βn Qn = pk(n−1)n−1 pk(n)n
α = βn + εn εn = (
∑
m≥n2 3
−k(2m+1),
∑
m>n2
2−k(2m))
k(%) % > n
|εn| ≤
∑
m≥n2
3−k(2m+1) +
∑
m>n2
2−k(2m) ≤ 4× 2−k(n+1).
βn (
pn
qn
, p
′
n
q′n
) qn = 3k(n−1) q′n = 2
k(n) n qn = 3k(n) q′n = 2
k(n−1)
n Qn = qnq′n r(j) r
′(j) j qn
q′n j /→ (r(j), r′(j)) [0, qnq′n − 1] [0, qn − 1] × [0, q′n − 1]
{jβn mod Z2, j ∈ Z} { jqn mod 1, 0 ≤ j ≤
q − 1}× { j′q′n mod 1, 0 ≤ j′ ≤ q′n − 1}
q ≤ Qn
d(qα, qβn) = q |εn| ≤ Qn |εn| = pk(n−1)n−1 pk(n)n × 4× 2−k(n+1) → 0,
Zα + Z2 R2
p ≥ 1
p p = 2n + 1 sj,2n+1 j = 0, ..., 2k(2n) − 1
jβ2n+1 + [0, 1] × {0} p = 2n sj,2n
j = 0, ..., 3k(2n−1) − 1 jβ2n + {0}× [0, 1]
q q = apk(n−1)n−1 + j a j 0 ≤ j <
pk(n−1)n−1 qβn sj,n q ≤ Q2n
qα sj,n
dT2(qα, sj,n) = dT2(q(βn + εn), sj,n) ≤ 0 + q |εn| ≤ Q2n |εn| .
δn := Q
2
n |εn|
Bj,n ≤ 2δn
sj,n
rn sj,n
si,n p
−k(n−1)
n−1
4× δn ≤ p2k(n−1)n−1 p2k(n)n × 16× 2−k(n+1)
≤ 34k(n)+32−k(n+1) ≤ p−6k(n)+3n−1 <
1
2
p−k(n−1)n−1 ,
Bj,n j = 0, ..., p
k(n−1)
n − 1
Ri sj,n sj,n
Ri − x Jx = Jn Jn + 1 Jn =
[
1/5
rn
]
tn =
1
5 − Jnrn ρn = min(tn, rn − tn)
ρn = min
j∈Z
∣∣∣∣∣15 − jpk(n−1)n−1
∣∣∣∣∣ ≥ 15× pk(n−1)n−1 .
In =
p
k(n−1)
n−1 −1⋃
j=0
Bj,n, Kn = In ± ρnen, En = In ∪Kn,
en = (1, 0) n (0, 1) n En
3pk(n−1)n−1 × ( Bj,n) mn = 12×pk(n−1)n−1 δn
N [Q2n−1, Q
2
n[
n n x ∈ T2 \En
Mx,N q < N x+ qα ∈ R2
sj,n
dT2(x + sj,n, {0}× [0, 1]) = dT2(x + jβn, {0}× [0, 1])
= dT2(x,−jβn + {0}× [0, 1]) = dT2(x, si,n)
i {0, ..., pk(n−1)n−1 −1} x In dT2(x, si,n) > 2δn
x + sj,n {0}× [0, 1]
2δn
dT2(x + sj,n, {15}× [0, 1]) = dT2(x + jβn, {
1
5
}× [0, 1])
= dT2(x,−jβn + {15}× [0, 1])
= dT2(x,−jβn + {Jnrn + tn}× [0, 1])
= dT2(x, (−jβn + (Jnpk(n−1)n−1 , 0)) + {tn}× [0, 1])
= dT2(x, si,n + tnen)
x Kn dT2(x, si,n + tnen) > 2δn
x + sj,n {15}× [0, 1]
2δn x+Bj,n R2
R2 j < pk(n−1)n−1 q < N qα
Bj,n A A + 1 A := [(N − 1)× p−k(n−1)n−1 ]
JxA ≤Mx,N ≤ Jx(A + 1).
|SNϕ2(x)| =
∣∣Mx,N − 15N∣∣ Jx = Jn
1
5
N −Mx,N ≥ 1
5
N − Jx(A + 1) ≥ 1
5
N − Jn( N
pk(n−1)n−1
+ 1)
= (
1
5
− Jn
pk(n−1)n−1
)N − Jn ≥ ρnN − Jn
≥ 1
5× pk(n−1)n−1
Q2n−1 −
1/5
p−k(n−1)n−1
=
pk(n−1)n−1
5
(p2k(n−2)n−2 − 1)
Jx = Jn + 1
Mx,N − 1
5
N ≥ (Jn + 1)A− 1
5
N ≥ p
k(n−1)
n−1
5
(p2k(n−2)n−2 − 1)− 1.
(x -∈ En) =⇒ |SNϕ2(x)| ≥ p
k(n−1)
n−1
5
(p2k(n)n − 1)− 1.
n SNϕ1(x)
∑
n≥1
m(En) ≤ 12
∑
n≥1
pk(n−1)n−1 δn = 12
∑
n≥1
pk(n−1)n−1 Q
2
n |εn|
≤ 12
∑
n≥1
pk(n−1)n−1 p
2k(n−1)
n−1 p
2k(n)
n × 4× 2−k(n+1) < +∞,
x T2 En
lim
N→+∞
|SNϕ(x)| = +∞.
!
α
ε > 0
Nε N ≥ Nε
min{‖qα‖ : 0 < q ≤ N} ≤ εN− 12 .
N ∈ [Qn, Qn+1[
min{‖qα‖ : 0 < q ≤ N} ≤ |εn−1|
|εn|N 12 ≤ (
∑
m≥n2
3−k(2m+1) +
∑
m>n2
2−k(2m))Q
1
2
n+1.
n(
∑
m≥n2
3−k(2m+1) +
∑
m>n2
2−k(2m))Q
1
2
n+1 ≤ 2
∑
m≥n2
3−k(2m+1)Q
1
2
n+1
≤ 4× 3−k(n+1) × 2 12k(n)3 12k(n+1)
n
(
∑
m≥n2
3−k(2m+1) +
∑
m>n2
2−k(2m))Q
1
2
n+1 ≤ 2
∑
m>n2
2−k(2m)Q
1
2
n+1
≤ 4× 2−k(n+1)3 12k(n)2 12k(n+1).
|εn|×Q
1
2
n+1 0 n→∞
T2
τϕ : T2 × R2 → T2 × R2
ϕ α
Zd d
2
